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ABSTRACT

It is shown that nonlinear operators which preserve the inteqral

are order preserving if and only if they are nonexpansive in L’ uiid

that those which commute with t rans la t ion  by a constant ari~ O r L i t i

preserving if and only if they are nonexpansive in L .  EXdm} 1~~s t I~

~ t’~
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SIGNIFICANCE AND EXPLANATION

Let T be an “opera tor ” which takes the initial-value of an initial-

value problem in differential equations to the value of the solution at a

fixed later time t ~ 0. If the equations are nonlinear so will T be.

Among the desirable properties T may have are order preservation (which

says the so lu t ion  is an increasing funct ion  of the i n i t i a l  da ta)  and Lipschitz

continui ty (wh ich is a quan titative statement about the con tinui ty of the

solution as a function of the initial data). If 1 is a Lipschitz constant

for T we say T is nonexpansive.

In this note we show that T is order preserving if and only if it is

nofleXpanSiVe provided certain other properties are present. in particular ,

if T preserves an integral (which physically corresponds to things like the

conservation of mass or energy ) then ‘r is order preserving if and on ly if

it is nonexpansive in the associated integra l sense. Analoqous things art’

~
- I  oved tor  the  uni form norm . These observations reduce t lie work needed t o

v e r i f y  i i  I three properties when they are s imul t aneous ly  present  and

enhances oee~~s a b i l i t y  to recognize when these properties are? p r e sen t  ( i n , t t n

example , d i f fe r e n ce  approx unations)  . Examples are g iven .
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SOME RELATIONS BEThEEN NON E X P AN SIV E AND ORD C~ PRESE RV IN ;  MA) ! I N  ..

Michael G. Crandall and Luc Tar ta r

In t roduct ion .

Let be a measure space equipped w i t h  a nonnegat ive  measure . We w r i t e  J f

for the in tegral  over it of f e L
1
111) . Some years ago we observed , i n  i • ) i ~ - ; ’~ 

of the Carlentan equations (see Section 3) , that  if T is a mapping  in L ’ (:. wh i j i

conserves the integral , i . e . ,

(1)  f T ( f )  = f f
it

then T is nonexpansive if and only if i t  is order preserving . To be more ~- i e c i~~ t ,

let fvg ntax ( f ,g)  and r
4 

rvO . We have :

Proposition 1: l e t  C C L
1 (l~) have the property that f ,g ~ C i mp l i t s  f~~q e

~~ Let T : C L 1 ( lt)  s a t i s f y  ( 1)  fo r  f e C . Then the f ol l ow i n q  three  i t  T h e i t  i s  ‘f T

• a t e  e q u i v a l e n t :

C ~ind f ;; a .~~~_ im p l ie s  ‘ 1 ( f )  T ( g )  a.~~.,

( h I  ( T ( i  - ~~~~~ 
• .

~ ( t  - q)  t ’ r  f ,q t - c,

I - )  ‘ 1 ( t )  - 1 ( q )  f f - q J t ; ’t f ,q ( C

Kt -ent l y ,  t ’ r  a l l  i t s  s i m p l ic i t y , I’ t e1’~~s i t t ~~ I1 1 was us , ’ i i i  the st u ~iy s t

J i t t  , r , - t , , , apj r ox i m l t  ions of scat ar consez-v d tion  1 ~-iw s ( 1  I 1 s~, w~ have ~~ h~ t I

( r ~~:~et1 t  i t  he re t ‘ i ~~th ~ r wi th the ( ‘ 11.11 t e l  resul t t sir  1 ( ; )

Proposjt ion .~: I t t  C L (ii have the pr oj ’t i t y  tha t  f , ;i C i m p i  I , ’:;

(q — f )  I C .  l et  T : C ’  1. ( ; : )  s a t isf y :
I -  ( ; • )

I. ! e 1 I’t , f I C and f 4 r I C , t h e n  T ( f  4 i t  — T ( f )  4 t .

‘rhe!n the fol  lowing t t i r e ,  p roper t i es  of T are e q u i va len t

S~~,nsored by t he  L1n~~ted StateS Army under  C,int ras t N~~. PAA~~2’~~ 7’,-~’-o&i .’4.
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(a) f ,q I C and f ~~g a.e. implies T(f) < T(g) a.e.,

(b) (T(f) — T(q)) II (f— g)~ II a.e. for f,g e C, s
L (it)

(c) T(f) - T (q ) I If -  gH a.e. for f,g I C
L (12)

These results are proved in SectiOn 1 where remarks about var ~~tionS are also

made. Simple but interesting examples are indicated in Section 2.

Section 1. The Proofs.

Proof of Proposition 1. Assuming that (1) holds we show (a) > (b) ~~~~> (c) > (a).

Let f,g e C. Then fVg = g + (f - g)
f 

e C by assumption and , if (a) holds,

T(fV g) - T(g) > 0. Moreover , T(f) - T(g) < T(fVg) - T(g). Thus we have

(T(f) — T(g))~ < T(fvg) — T(g)

Using this and (1) yields

J (T(f) — T(g))~ < f (T(fvg) — T(g)) f (fvg — g) = f (f —
It it it it

and we have shown (a) > (b). That (b) —~~ Cc) is trivial for, assuming (b),

I IT(f) -T (g)I = 1 (T(f) -T(g))~ + / (T(g) -T(f))~ < / (f-g)~ + / (g - f)~

= I I f — g i
ft

Finally, if f,g ~ C, f > g and (c) holds, the identity 2s~ si + S and (1) imply

2 f (T(g) — T(f)) = f T(g) — T ( f ) I  + f  (T(g) — T ( f ) )
it It It

~ f Ig — f i  + f (g — f )  0
it it

and so T(g) < T(f) a.e.

Proof of Proposition 2. Assuming that (2) holds we show (a) —~ (b) —> Cc) —~ (a).

Let f,g S C. Then g + II (f - g)~ II s C by assumption and
L ((2)

g + (1 — g)~ II • 
> fvg a.e. Thus (a) and (2) imply

L (lt)

—2—

I
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(T(f) — T ( q )  T( ’ i  ~ Ii (f  — g) ~f I I — T ( g )  — I l l  f — 0 : ii a.e.

S 
L (C) I. C: ’~

which  is U’) . The implicat ion U’) —~~ ( 1  is immediate as in the ~ t- ev i ’us -ase .

To prove t~- ~~~~‘ (a), let f q a.e. Than using (2) and I ’  with

r — (g — fl 
+ 

, 
— II~ 

— 

~II = 
we have

I 
- 

( C )  L ( i t )

I T ( f )  — T(q )  - r~ — ~T ( f • r )  — T(q) I~I ( C l  I ( C)

I i ( f — it  • r fl
1 ( C )

This imp l ies i(f) — T( g)  ~ ~ a.e., which is the desired result.

Various generalizations of these results are possible. We next state one of ss’iii, ’

interest, l e t  X ,  I be a vector lattices and \~~, \~ be nc’nneqative linear functionals

en X . V respectively.

1. Let C ‘— X and f ,q ~ C imply fvq e C. let T : C • \ satisfy

It \~~( T ( f ) ) — \~ (f) for f I C

tht— n (a ’ —~~ (ti) ‘~~~
‘ ( k - )  wh et s -  (a) • il’) , (C) are the (‘I O(’s’t $ l ’ s :

• Ia ) f ,st 1 C and f t impi  i t s  T (ft - r(’t ’

(I’) \ ,~ ( ( Ti ! )  — TI -i ) 1 1  - ( ( f  — q t  ) fs ’t f , t  C C

( ‘ 1  1 l it  — 1(i) I) ‘~ ( 
— ‘t

Met ,s~~ s t  , i f  \ ( 1 )  ~ ; l t Ct f ;~~, t hen  (~~t , ( h t  , ( c I  i t , -  ‘ )ii tv ,ele’nt

l’hs- t’t ’s ’t i s  th e ’  sans ’ .~~‘; that it I t  s)I.5)sit ion  1. i’rs ).5’si t is ’S .‘ adin i t s c u d  ‘ i ’s —

‘vs’ - t ; ’ i — v t l ~~ s- ,t ’  i s - r u - t i )  i .’ o  h i s s .  I n  ~‘at t t ’uhit, ‘1’ may I- c a

I : C ¼ - 1 (C) I u C ’  ) w ith 1i:; I n t  measure 
~i-~ 

es C , . I n  allot tier s ( ii  i t  , i I *

(a)  i t t (‘ t ~‘~~~‘s i I iso 1 r e’j l .~cs’d l y ti. t ‘ l u l l  s ’m er i t  t h a t  1 4 St I be or dt- t  (‘i s - Set V I : - :

- ‘I SC ’45t’ \ C ~ 
• 

.l fld I h o ld : ; , then ‘t IC ’ tt’du~-i’s that

- 1 (s!t) ‘ (1  + i t  • ~~
\
\

(t  ~~~~~~~ I f  ( . ‘I  L n I’ ts ’~.5’S’t 1,51 .‘ is tt’~C~ t ’ si

by I ( f • i I (I 1 • ‘ii t ‘ ‘V • ‘Vt ’l~ r I ~~ .~ nd ~~~~~ ‘
~ 

t , I hen  u , i )  imp Ii, ’.; tha t

(l ( f l  — r i - I) ) I f  — si t u  , i . s ’ . C im itat - ly. i t (U i s  r~ )’las -ed l’v
I.
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I i ?  $ h 1(1’ • h ~~~ h ~ a n t i  •_ s~~~,’ S ~~~~~~, t l i , i

p t r ~ t~ - F l - i ) )  J ( I  — - I ’ i t ‘r ~~ ‘ 1 , 1 , - n  ) t e - S e ’ l  v u t i s i . l’hes .~, - is, C (.itu,t t I~~ I l ~

t i l e l l  \ . ‘ . t . i  — v a t  ua.’,i v, - t I. ’ti.5 ) s ’,,Ul i n  a l l  1 1 , - I t  l . ’ns -

A l 1 t i ; .  .sI”’v , ’  - , ‘u;  I I  l’~ t t’h ’tmulat ~- .( itt t erms ‘t  I t : , -  , s i ~~,t i t  l, ’r i- - s e t  i )  - 1 I

.1(11 1 — T (h  • — i t-n ,.-t ,’e ,‘ C C i s  ti,’lsl I i~~. , l  I , ‘ l ’ I .~ I v at  L O I S .  t , i  s .5 th! i ,

i t  t U ~~~
’ S e ’ l \ ,  I. Ui,- i r i t e ~~t a l  , I lii ii .‘ ( h I  • 

~ 1 lb 1, - i  ‘ - i  h t m j - l  i , - . t 1 t

.~ 1b ,l’ Ii ani,i ~
‘ I i  

- 

“ Ii I T  s .d N I :  ~~ N t , t i  ~~ is - I N i  I “ Ii $

Ii - - ii C C

whi - ): in  t l i t  S im ~ 1 ii’ I ha t  _ I n , s , -n ‘se ’- t Its ’ 1 ’ : , ’ :  I t i v e  I I  s -
~~~

e -  i v ,  V , pi s t il ,‘‘~ ) I I , -

- ‘~~~- . We W I 1)  t , -Ir ~~ in ft ~‘m rn- ’t’ - t s-mat  i _ s f  t Il ~~,. ., - I I

e l  i C t i  .‘. I.xasI( *.s -

We i I C ’tnr l . i I l v  i t h j t , -a l , -  a few  exatitl’l,s. r t .- ~~ -~ t t i  - ‘~ t i ’ ’- . i s ~ tIu~ i t  ,‘ - ~ , t -  t s -:

—~~ St -rn sf ~~~~~~~~~~ u - -n~ i l l  I t ’ l t h e  ~ _ tr  l em,i:u ,‘~~Li,lI 1 , 1 1 5 ’

I ~ • ) \ i  — V ‘ • I’
I X

( V — — — it ‘ —
I x

wtu * .li It  . I . ’ L’s’ I v,’,l ;;;l’ 1 , 1  n -  ill i t  i_ i l ,- , sd i n  i - l u - ,

— U I S 1
1 51 Si

) VII I , ’ ) — ‘s 1 ui t 1

1 
, A s s u i m in - n  t t i  I s  I N. ’ i - -, - -  I-fl . - I ,  I • Ii I t ; .

lent i ,. s~ lvahl,- In a t ,‘.i-~~’ual- I,’ sense’ ‘i u i t  , is , V ~t - I, s. II’ ,’ t , ’ i m i  I l ’ s

( u c t .x ’ 4 ‘s’ u t  ,X ’’ ,tx  — (II ‘ V .iis — - ( - i i  V ~~~~~ — i
sit t t 

Ii

,ind $, ‘

Ii ’ ’ ,l~ (l i l t  ,is ’ 4 V ( t  ,x’ ‘dx — ,“ u i _ t x ’ • ‘ s t x ’ ‘lx
I) E

s - I t  1fl5 : 1 ~~1-~
I 

I 
~~ ~~ ls- ’n i~’,’ ii Ny

\ U , s n )  — i t  • 11s1x

I 
~~~~~~~ - that

I I t  III , . 5 _~~~ — l i i , . V , )

_ _ _ _ _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - -
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sh e - i ,  l i l t  is t Ile’ ii t lfl i~~(t’s’ii ) ai tsss i a t t ’j w i t h 4 ’  • ( N ) , t h a t  i:. ,

S~~I ) (U • v~~ ) (Uit , ‘ I , ‘ s ( t  , I ) . Ht’tis ’t’, i-v Iis(is s it l o l l  1 , N ( I ’ i s  : l ~ i ;:. - , : v  iii -:

I • 1 •
i t it is iisu,’x~ crus t ‘se iii L (t(t ‘ 1-. (}i~ u-i~~sl it is N -Il - 

- 
-

We - nex t  h r  ic! ly  illus t late’ in a s i iiq’l e , - ass- t i p s ’ tt’ ta t is iu t C .‘ (  , u - 5 ’ - - -

1 i ~‘i’ l s r n  it • f uu) — ii wheze t’ 1).) • F I S C The L i t X — F t  i edt - is • 
~t i l t  i - : , : .  , j

.il-I’tsximation to this equation is

— 
~~

• ,7
t1 

— t (U ~ 
)~ • ( ( ~ t1 

• ). i i  
— ~~S ,

1 1 ,I.\x i l  ) 1  2 ~ ‘l  1 ;

wh i -l We ’ l e W i  ttt~ .1:

I 
— ,

.

wh et,’ s_i maps Ss ’slii . 1iC5- U — :1) - to  se~lUt ’n -’eS •t, ’~ -~’t ,l itt-i I C
) j —— ”-

— — ~~~~ ~~t ( I t  ‘ - u P  - ‘ ( 1 ’  • p -
I . \x i • l  i — I  . ‘ 1  — 1

I , - n  1’,’ tli5 ’~~.(’ls e , s ’f ni i uisnatilt’ 5.’s(lit tis ’e S  I N  
1

1 W i t i P  IN5 usu _ et s -i l , - : u-: ,

a C b • an,l ¼ — I I I  : -_ I’ n s it  a l l  n . ~‘( , ‘ . i n  I v

i) (1’~ — ~
- 

I ’
1 -‘ I 

~~ - i ~~~~~~ , C is  ,‘ l e - a i  Iv ,‘r d ci ~‘t , -s,-r ’ s- i t u s i  s r i  C it  I ~ i • i i  1 ‘! .t~~~~I I ’ ,

• Ny I I ,‘~is’stt I,’T1 I , C ii; a Is , ’ iicius ’x)-aius iVe ’ i l l  I i i  ~~~~~~~~

N ext  - ‘ Si l l-  t,15 ’i the I S i t  t a l  v a l  itt ’ ~~~ ~ - l ’  1,-rn

‘ t Nil . l , l iL I C , t ‘ C • is I

— it ( i s ’ , x c  F

wli , ’ n ’  I : E
N F. ~ t s ’ Th  I t i , • forni  ‘f ~~ on,- CX)’e, t t l i_ it  it (t 1 t -  I s  ,i~-,’s ’, i l l  s - I

wets i it s ’t i (  (see , .~~~ . • i ~l , I ~I • L I s ’1~ t lu’s N (1) (ii , r ‘ — N I t )  II , t Is i i I s

Ui 15 15 itxte’t’tl t he  ~-,ast’ , t I t ’r I , ’e w.’ h.-tvt’ .1 s~tl i t , 11,55! t ii i . l l 15.1) - 1.1 w i t t i  n i S ’

~-t spe t- t y ( 2 ’  • I t  is tx’t h ~- t t ,’t (‘t est- I-I’ I ti -i ,insl tts ’t l expa tis  i V e • I I I  I 
- 

( F
”

’ , jiut s ’ i t~

l’r~~l - e It y  t s ’l I~ -w,; fi’sitt the ’ s’th e’t- ‘s- i.i l’i- t-sps_-ss I t  ~~~~~ —
, 

• -
~h1- .- -~~l t ~ - . sri - i I s ’- l i ’ s- . I,, ’ i:t i s -n U:

-- ~~~~~~~ — 
- 

~~~~~~~~~ - ~~~~~. -~~~~~ _ ~~-
- 

“. ~~~~~~~~~~~~~~~~~~~~ 
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case ate t.’eitis~ sl ev,’l ot’,’d . as ate a t u a t s ’~ ous r e su l ts  t~~t e~ltt-1 t i , ’r i s ,r t h e  cl~~s~

u~ 
— . \ c u u ’ • C Where .~ ; F • F is notu~tts5-ieasing . (‘the a~s~’,-ta rd sem1gro’st~’ b.’i c’

oft en sat isf tea I l l  - ‘; its qenei-a 1 iz a t  i o n s .  ‘

We’ ott,’ i isp-i -i :i,- t e-.i5 i no t -ea t t -ans) t-m, - i i t  s as out  l a s t  example .  I e l  C i s’  .1 m e a s u tt  e

S
~
sa,- e w i t  - n h ,  . iss~~,

- t a t  e’sl mt’asutt’ ,iiid V he a Itsi e’ ’. mesattle -‘ste u s ’, -’- ’ ~ u, b  t hat

I uC , i- I I is a Iiome’onxst-ph i sm .‘t ~ s_ ’ - -‘ ‘ . I t f C is  measur*ble on C t heti t lit-is

t - ;  ,‘X,, s ’t l y  one’ t t~~ N t  ,- ,‘i lt  i f l U s.’tlS fl’s’l ij t i - ’I e’Li ti iSO t h u d  i s ’ ti  ( C ,  “~ ( C , -‘1 t.’i 5111,-li

~ % . ‘ ‘‘ I s V ’ “ i l — ~i i , . - r  C : r I,,- l  .5 il

S I N  is I is  c,illssl t lie’ ns ’: i i : l , -~~s’as 15, 1 t eat iStu ’te ’nits ’:~t st 1 1W 11)1 1 e -s~ ’s- . - t

u s - i5 - :~~
-
~~- par t  i cu l a i - s_-as es Cl lltte’tewt are I I  - V ) I  1 ~I eh,’s t i i , ’ iTi,’•isuii ~~

sC - I — ,‘ l  Whe i s’ ,- is the volume of u t’s: un i t  ball i n  E~
’ ( S s’t ,  t’ . 0 .  ,

p. ( 1 ( 4 )  , (-1 , p,  ( 1(0 1 1  in  t h e ’  l a t t er  case f can 1’.’ reoai-dtsd as a

ad : a u l i : - t  iS -ni s -n i wn U: tti, • Came di st  i- i i ’su t  ton t t i n i , ’t 1,111 .15 1 - Pe ’t t Ilt •

a
I I !’ — t . It is iminej i at e  f t - sm t he’ ~l,- t  b i t  ion t h a t  I is  s ’i,is ’i pi-e’st’rvitio .

4 3 5
tot s ’v,’i  V ,~0nt it luo tis t iitlc t 1511 i : F • F we have

( 8 1  ~l
’ g u T u t 1  ‘dv  — f g ( f l d :

U it

Sin ce  I 1 t ’ .tisd t have the same d i st r i hu t  ton f u n ct i on .  t~ sth s i st e ’s sf  ~1(1 may he

thus I takes l ( I - ’ to  1.1 
( ¼’ I t si I p -‘ and ~‘t e’sc’tVs s the’ t n t  esn i a I,

$QreOvei- U is  i ninesliate (i-em t h e  ,ie’f t n i t  ion that  r ( t  + c~ — T ( f ’  ~ s t s S  I

I’ + 1’ • - -Hence te noflexpansive It ,‘ss’ I (it ’s to  1- 1 v)  ~~~~~ p — 1 , -‘. iti tact , it

( C  - -“ 1 (C  • “ 1 iS COI1VCX , 1OWSV semi cs’tIt i t’stt-_ViS Mid ( U  ‘ C

then

I I  V u t 1  — F ( 0 ) I ’ ,1\’~~~~~ I I I  — n~~’sdI,

whenever t • -t C and “ n ~f ‘ d i ,  , f 1 % - i ’ d~ 
s . ‘j’hi s f,’l lows Li-em a ‘s’.ai i ,itit ot -t t-estttt

of iirc zis— N’r ,suss I l l .

-I,-

~~~~~~~~~~~~~~~~~~ L
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- I ‘ s ’ - - :  I i - s  4 - , l~ , C’ ‘ , f l e O ! ’ L i t  • 5 - - - S L I  Ii i i-  i - c :  c s  I’ , ¼ i s I - I  5 ,  ‘ i i l ’  . I s - I

I 
- 

t iC ‘ I. i - )  - - t i  i - -I v

I’ ~- ¼ i t  — .1  - I — st - I - _ - ‘ - I - -u I t u - ’

. i ’i , t  

‘
1 1 2  ‘ s i  I 

- 
u , ,- , v 1, - n  I e -

I Iie - n  I ,~: C - _ cs  t i t i - - l u ’ u~~
’ Sri ) I t u ; ’

P 1 - t v ~ ( 1  ‘ .1: -
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